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Converse of Bayes’ Theorem Rev. Thomas Bayes and his Essay

1. About Bayes and his Essay

• Fellow of the Royal Society in 1742. Died on 17 April 1761.

• 1736 tract: “An Introduction to the Doctrine of Fluxions and a Defence of
the Mathematicians against the objections of the Author of the Analyst”
(British Museum catalog)

• William Whiston (Isaac Newton’s successor in the Lucasian Chair at
Cambridge) wrote about Bayes on 24 August 1746: “a dissenting
Minister at Tunbridge Well ... and like him a very good mathemati-
cian also.”

• Sir R.A. Fisher (“Statistical Methods and Scientific Inference” pp.8–9):
Bayes’ “(mathematical contributions to the Philosophical Transactions
show him to have been in the first rank of independent thinkers.”

• Richard Price, his friend, found a self-contained manuscript by Bayes:
“An Essay towards Solving a Problem in the Doctrine of Chances.”

• The Essay was read in a Royal Society meeting on 23 December 1763
and published posthumously in The Philosophical Transactions (1763),
53, 370-418.
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Converse of Bayes’ Theorem Fisher’s conjecture

2. Why Bayes not offered his Essay?

Sir Ronald A. Fisher: “Statistical Methods and Scientific Infer-
ence”, p.10:
“... it seems clear that Bayes had recognized that the postu-
late proposed in his argument (though not used in his central theorem)

would be thought disputable by a critical reader, and there
can be little doubt that this was the reason why his treatise
was not offered for publication in his own lifetime.”

“The Design of Experiments”, pp.6–7:
“Having perceived the problem and devised an axiom which,
if its truth were granted, would bring inverse inferences
within the scope of the theory of mathematical probability,
he was sufficiently critical of its validity to try to avoid the
axiomatic approach, and, perhaps for the same reason, to
withhold his entire treatise from publication until his doubts
should have been satisfied.”
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Converse of Bayes’ Theorem Stigler’s conjecture

Stephen M. Stigler: (1983)
“Who Discovered Bayes’s Theorem?” Amer. Stat., (37), 290-296:

“The evidence is a passage in a 1749 book by David Hart-
ley, Observations on Man, ...

Saunderson, who died young, had ample reason not to publish,while Bayes (if

indeed he was the one) maintained silence for 12 years after Hart-

ley’s book appeared. We might even be tempted to account

for Bayes’s silence as due to his discovery, while reading

Hartley in 1749 or soon after, that he had been scooped.

Or could it be that Bayes got the idea from reading Hartley and

the manuscript found by Price was only an attempt to work

it through in his own way? We may never know, but let us

give Bayes his due.”
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Converse of Bayes’ Theorem New conjecture

My conjecture:

Bayes withheld his Essay because he recognized the impli-
cations of a possible converse of his theorem, or he actually
obtained it, and wanted more time to re-write it in those
days of feather-and-ink. [Sherlock Holmes questioning:]

• Experienced mathematicians would normally ponder and explore all
possible converses and corollaries of important theorems. Would
Bayes NOT contemplate the converse of his own theorem? Unlikely.

• If the converse holds, Bayes’ Essay without amendment would miss a
vital aspect of his paradigm of inference: For any compatible output
as desired, one can always find an input to produce it. Would Bayes
NOT recognize this implication? Unlikely.

• Given his high standing and his familiarity with the subject, and if
the converse uses only mathematics of his time, would Bayes be
NOT capable to obtain it? Unbelievable.

• Is the converse based on mathematics of Bayes’ time? Yes, as shown
below.
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Converse of Bayes’ Theorem Frequentist Missing Data Problem

3. Background: Missing (or Augmented) Data Problem

Likelihood available for data (Y, Z), but Z not observable – either missing
or strategically augmented.

Frequentist – find MLE of θ by EM algorithm:

• Folklore EM (may not ascend the likelihood):

Initial MLE θ(0).
E-step: find E(Z|y, θ(0)) = z(0).

M-step: update MLE θ(1) = arg max{logf (y, z(0)|θ)}.
• EM of Dempster et al. (1977, JRSSb; ascent assured):

E-step: determine function Q(θ|θ(0)) = E(logf (y, Z|θ)|y, θ(0)).

M-step: update MLE θ(1) = arg max Q(θ|θ(0)).

• ECM of Meng & Rubin (1993, Bio’ka; quicker convergence):
M-step: in terms of a number of conditional
maximizations instead of a single maximization.
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Converse of Bayes’ Theorem Bayesian Missing Data Problem (BMDP)

Bayesian – to find π(θ|y) based on p(θ|y, z) and f (z|y, θ):

1. Tanner & Wong (JASA 1987, discussed by Dempster, Mor-
ris, Rubin, Haberman, O’Hagan): DA Algorithm

2. Gelfand & Smith (1990, JASA):

• Extend the DA algorithm to 3 parts of data in formalism
without providing convergence conditions

• construct pdf using Gibbs sampler

3. Schervish & Carlin (1992, JCGS): Convergence rate of DA
algorithm

4. Liu, Wong and Kong (1994, Biometrika. 1995, JRSSb):

Covariance structure of Gibbs and DA algorithm

5. M. Tanner: “Tools for Statistical Inference” in Springer Series
in Statistics, 3rd Printing of 1st Ed. in 1993 and 3rd Ed.
in 1996.

Chapter 5 The Data Augmentation Algorithm
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Converse of Bayes’ Theorem Tanner’s hot monograph in 3rd Edition in 1996
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Converse of Bayes’ Theorem How did the journey start?

4. How did the journey start?

• 1994: Prof. Wing H. Wong (1993 COPSS Award; now Member of the
US National Academy of Sciences) was Head of Statistics, CUHK

• Tanner’s monograph (1st Ed. in 3rd printing) was a reference of my
course in statistical inference at HKU (3rd Ed. in 1996)

• Prof. Per Mykland from Chicago told me that BMDP was a very hot
topic in USA then

• HKSS to hold the first local Statistical Conference, mainly due to the
impetus of Prof. Wing H. Wong

• I planned to tackle the integral equation with Fixed-point Theorems

Kai-Wang Ng (1969) “Generalizations of Some Fixed Point Theorems in Metric

Spaces,” M.Sc. Thesis, University of Alberta.

Kai-Wang Ng (1970) “A Remark on Contractive Mappings,” Canadian Mathemat-

ical Bulletin 13, 111–113.

• Intended approach: Replace the sufficient convergence conditions
with more practicable ones; defining suitable distance measures to
make the integral operator a contractive mapping on the space of
densities
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Converse of Bayes’ Theorem Data Augmentation Algorithm of Tanner & Wong

Data Augmentation Algorithm of Tanner & Wong

∵ π(θ|y)︸ ︷︷ ︸
g(θ)

=

∫
p(θ|y, z) hZ|Y (z|y)dz =

∫
p(θ|y, z)︸ ︷︷ ︸

f1(θ|z)

{∫
f (z|φ, y)︸ ︷︷ ︸

f2(z|φ)

π(φ|y)︸ ︷︷ ︸
g(φ)

dφ
}
dz

∴ g(θ) =

∫ { ∫
f1(θ|z)f2(z|φ)dz

}
g(φ)dφ =

∫
K(θ, φ)g(φ)dφ .

Successive substitution to approximate g(θ):

gk+1(θ) =

∫
K(θ, φ)gk(φ)dφ → g(θ) as k →∞.

Joint conditions for convergence, assuming S(Θ, Z) = S(Θ)× S(Z):

(i) K(θ, φ) is uniformly bounded

(ii) K(θ, φ) is equi-continuous in θ

(iii) ∀ θ0 ∈ Θ ∃ open neighborhood U such that

K(θ, φ) > 0 ∀ θ, φ ∈ U .

(iv) Starting with g0 satisfying: sup
θ

g0(θ)

g(θ)
< ∞.
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Converse of Bayes’ Theorem Why BMDP reduces to seeking the Converse?

5. Why turned to the Converse of Bayes Theorem?

The aim of BMDP is to find π(θ|y) based on p(θ|y, z) and f (z|y, θ).
Since y is a given constant throughout, like a parameter indexing the
family of joint distributions for (Z, θ), we may drop the given y in all
density functions without loss of generality. In other words, the aim
is equivalent to finding the Converse of Bayes Theorem:

[ Likelihood f (z|θ) is given ]

Bayes’ Theorem
(Bayes Formula)

prior ————————————> posterior
π(θ) <———————————— p(θ|z)

Converse of Bayes’ Theorem
(Inversion of Bayes Formula)

“We Bayesians don’t need the Converse.”
“Don’t miss the forest for the trees.”
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Converse of Bayes’ Theorem Why BMDP reduces to seeking the Converse?

Stakeholders are entrenched 

Bystanders are enlightened 

Being well inside the mountains 

Can’t tell the outset for certain
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Converse of Bayes’ Theorem Back to basics (1995)

6. IBF: Particular forms of the Converse in 1995

For any fixed θ, integrate π(θ)f (z|θ)/p(θ|z) = fZ(z) and re-arrange,

π(θ) =

∫

S(Z|θ)
fZ(z)dz

/{∫

S(Z|θ))
f (z|θ)/p(θ|z) dz

}
(1)

For any θ with S(Z|θ)
pj.
= S(Z), (1) reduces to

π(θ) =

{∫

S(Z)

f (z|θ)/p(θ|z) dz

}−1

(2)

which is called the point-wise IBF for θ. If z0 exists with S(Θ|z0)
pj.
= S(Θ),

by symmetry we have the point-wise IBF for z0,

1/fZ(z0) =

∫

S(Θ)

p(θ|z0)/f(z0|θ) dθ, (3)

and hence we have the function-wise IBF for all θ in S(θ),

π(θ) =

{∫

S(Θ)

p(θ|z0)

f (z0|θ)
dθ

}−1
p(θ|z0)

f (z0|θ)
, (4)

which is the same for any other z0 statisfying S(Θ|z0)
pj.
= S(Θ).
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Converse of Bayes’ Theorem Solution to Tanner & Wong equation without iterations

Meaning to Tanner & Wong integral equation

Under the positivity assumption, S(Θ, Z)
pj.
= S(Θ) × S(Z), so S(Z|θ)

pj.
=

S(Z) ∀θ and S(Θ|z)
pj.
= S(Θ) ∀z, hence the integral equation for π(·),

π(θ|y) =

∫
p(θ|y, z)

{∫
f (z|y, φ)π(φ|y)dφ

}
dz, (∗)

has explicit solution in dual forms, point-wise and function-wise respectively:

π(θ|y) =

{∫
f (z|y, θ)

p(θ|y, z)
dz

}−1

(∗∗)

=

{∫
p(θ|y, z)

f (z|y, θ)
dθ

}−1
p(θ|y, z)

f (z|y, θ)
, (∗∗∗)

where in the second form (∗∗∗), z can be any value of Z.

Check: substitute π(φ|y) into RHT of (∗) with the second form (∗∗∗),
then the inside integral gives the predictive density fZ(z|y), and hence

the outside integral returns π(θ|y).
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Converse of Bayes’ Theorem Solution to Tanner & Wong equation without iterations

Thomas Fuller in Gnomologia:

“All things are DIFFICULT before 

they are EASY.”
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Converse of Bayes’ Theorem Soultion to compatibility of conditional specification
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Converse of Bayes’ Theorem Soultion to compatibility of conditional specification

• Given two pdf families respectively indexed by x and y, {f2·1(·|x): x}
and {f1·2(·|y) : y}, are they compatible (or consistent) as conditional
pdf from a joint pdf f (x, y)?

• Checking compatibility is a by-product of the results from IBF: If
the resulting fX(x) and fY (y) cannot reproduce f1·2(x|y) and f2·1(y|x),
we’ve a proof of incompatibility by contradiction; otherwise, we have
a constructive proof of compatibility.

• For Y |x ∼ N(x, 1) and X|y ∼ Ca(y, 1), how to mathematically prove

f1·2(x|y)

f2·1(y|x)
=

π−1{1 + (x− y)2}−1

1√
2π

exp{−1
2(y − x)2} =

√
2

π
× exp[(y − x)2/2]

1 + (x− y)2
is inseparable?

More generally, let f1·2(x|y) = g(x− y) and f2·1(y|x) = h(y− x) where g(·)
and h(·) are defined in (−∞,∞). Then ∀y ∈ (−∞,∞),

fY (y)=

{∫ ∞

−∞

g(x− y)

h(y − x)
dx

}−1

=

{∫ ∞

−∞

g(t)

h(−t)
dt

}−1

= either a constant or ∞.

Thus we can conclude incompatibility by contradiction.

• Similarly, f1·2(x|y) = g(x/y) and f2·1(y|x) = h(y/x), where g(·) and h(·) are
defined in (0,∞), are not compatible.
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Converse of Bayes’ Theorem A paradox in Bernoulli Process?

Bernoulli Process: 0 1 1 0 1 0 · · ·
r = No. of 1’s in n trials:
fR|N(r|n) =

(
n
r

)
prqn−r, q = 1− p,

n = 1, 2, · · · , r = 0, 1, · · · , n;

n = No. of trials until the rth 1:
fN |R(n|r) =

(
n−1
r−1

)
prqn−r,

r = 1, 2, · · · , n = r, r + 1, · · · ;

Any joint distribution for (N,R)?
No, (N |R) is not defined for R = 0.
So consider (N, R∗) instead, with
R∗ by truncation:

fR∗|N(r|n) =
(
n
r

)
prqn−r/(1− qn),

n = 1, 2, · · · , r = 1, 2, · · · , n.

The support for (N, R∗) would be:
{(n, r) : n = 1, 2, · · · ; r = 1, 2, · · · , n}

The ratio Q(n, r) =
fN |R∗(n|r)
fR∗|N (r|n) = r(1−qn)

n is

defined in this triangular region of
grid points.

The point-wise IBF implies
1/f ∗R(1) =

∑∞
n=1 Q(n, 1). [(3) on p.13]

The function-wise IBF implies
fN(n) = f ∗R(1)Q(n, 1). [(4) on p.13]

But f ∗R(1) = 0, as
∑∞

n=1
1−qn

n = ∞.
∴ Not compatible according to IBF.

• No joint distribution for (N, R∗),
even though both (R∗|N) and
(N |R∗) are legitimate !!!

• What’s wrong and how to explain
to students in the first course in
Probability and Statistics ?
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Converse of Bayes’ Theorem Also a paradox in Poisson Process?

Poisson Process

R = number of occurrences of an event in (0, t), (R|T = t) ∼ Po(λt).

Consider R∗ by truncating r = 0 in the range of R:

fR∗|T (r|t) =
(λt)r

r!
e−λt/(1− e−λt), r = 1, 2 · · · , t > 0.

T = waiting time until r occurrences of an event, (T |R∗ = r) ∼ Ga(r, λ):

fT |R∗(t|r) =
λr

Γ(r)
tr−1 e−λt, t > 0, r = 1, 2 · · · .

The support is the product space of positive integers and positive
real-axis, the point-wise IBF applies entirely,

fT (t) =

{ ∞∑
r=1

fR∗|T (r|t)
fT |R∗(t|r)

}−1

=

{ ∞∑
r=1

t

(1− e−λt)r

}−1

= 0, t > 0.

• No joint distribution in Poisson Process too !!! How to explain ?

• A small prize to the first person who can give a satisfactory answer
to the 2 paradoxes at the end of the seminar.
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Converse of Bayes’ Theorem Point-wise meanings of IBF

Point-wise meanings of prior density

For a given value of θ, either

(1) S(Z|θ)
pj.⊂ S(Z), with unconditional probability PZ(S(Z|θ)) = α ≤ 1, or

(2) S(Z|θ)
pj.
= S(Z), equivalently α = 1.

From the first equality of equation (1) on slide 13, we have

π(θ) =

∫

S(Z|θ)
fZ(z)dz

{∫

S(Z|θ)
f (z|θ)/p(θ|z)dz

}−1

= α

{∫

S(Z|θ)
f (z|θ)/p(θ|z)dz

}−1

Under repeated sampling of data given a value of θ, the prior density
at that θ value equals

• α times the harmonic mean of posterior density at θ in case (1)
(i.e. no greater than the harmonic mean of posterior density at θ)

• the harmonic mean of posterior density at θ in case (2)

The inequality HM ≤ GM ≤ AM suggests 2 measures of “Bayesian
information gain” (in progress with Prof. H. Tong):

EZ|Θ[p(θ|z)− π(θ)] ≥ 0 and EZ|Θ[log(p(θ|z)/π(θ))] ≥ 0 always.
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Converse of Bayes’ Theorem Function-wise meanings of IBF

Function-wise meanings of prior density

π(θ) =

{∫

S(Θ)

p(θ|z0)

f (z0|θ)
dθ

}−1
p(θ|z0)

f (z0|θ)
, where S(Θ|z0)

pj.
= S(Θ).

• No need to assume S(Z, Θ) = S(Z) × S(Θ) as in Tanner and Wong equation.
Only the existence of one such z0 that can determine the whole function
π(·). [Rigorously speaking for continuous pdf, the equality should be
true in a neighborhood of z0. We omit such rigor as usual.]

• If numerical integration is needed, it’s done only once.

• Without the integral, sampling from π(·) can be done by Rejection Sam-
pling, Adaptive Rejection Sampling (Gilks & Wild, 1992), Metropolis
Sampling, Metropolis-Hastings Sampling, and Rubin’s SIR method
(1987,1988).

• It can assist the construction of highest density regions/intervals of θ.

• It can serve as a benchmark for checking convergence of MCMC sampling
by comparing the shape of log(π(·)) with the simulated counterpart,
ignoring the heights of the pair.
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Converse of Bayes’ Theorem Mongraph on IBF
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Converse of Bayes’ Theorem Further back to basics (1996)

7. Further back to event form

What about those supports S(Θ, Z), like the following two with shaded

areas, where no single θ or z exists so that S(Z|θ)
pj
= S(Z) or S(Θ|z)

pj
= S(Θ),

and hence particular forms (IBF) of the Converse don’t work?

 

 

 

 

 

 

 

 

z

 

z

 

Bayes’ Theorem originated in event form, right? Go back further.

Bayes’ Theorem: Let {H1, H2, · · · , Hm} and {A1, A2, · · · , An} be two distinct
partitions of the sample space. For j = 1, · · · ,m, i = 1, · · · , n,

P (Hj|Ai) =
P (Ai|Hj)P (Hj)∑m

k=1 P (Ai|Hk)P (Hk)
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Converse of Bayes’ Theorem Key to the general Converse

Principle: A set of positive numbers are uniquely determined by their
relative proportions together with their total. If the set is partitioned
into subsets where the proportions are known within subsets, but not
between subsets, the numbers are not uniquely determined but will
depend on the fractions of total being distributed over the subsets.

Let a =
∑m

j=1 aj, where 0 < aj. Typical forms of proportions:

(a) Given all proportions relative to a common denominator aj∗, (a1/aj∗,

· · · , a(j∗−1)/aj∗, 1, a(j∗+1)/aj∗, · · · , am/aj∗), we have

aj =
aj

aj∗
× a∑m

j=1 aj/aj∗
, j = 1, 2, · · · ,m.

(b) Given all the consecutive proportions (a1/a2, a2/a3, · · · , am−1/am), we
can always obtain the proportions relative to a common denominator
by chained multiplications; e.g., relative to am, we have

a1

am
=

m−1∏
j=1

aj

aj+1
,

a2

am
=

m−1∏
j=2

aj

aj+1
, · · · , am−1

am
=

m−1∏
j=m−1

aj

aj+1
.
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Converse of Bayes’ Theorem A system of equations with constraints

Put all probabilities in a combined two-way table, where Pij = P (Hj|Ai),
Lij = P (Ai|Hj), pj = P (Hj) and qi = P (Ai):

XXXXXXXXXXXXXXXP (Ai|Hj)
P (Hj|Ai) H1 · · · Hj · · · Hm P (Ai)

A1

HHHHHHHHL11

P11 · · ·
HHHHHHHHL1j

P1j · · ·
HHHHHHHHL1m

P1m q1

...
...

...
...

...
...

...

Ai

HHHHHHHHLi1

Pi1 · · ·
HHHHHHHHLij

Pij · · ·
HHHHHHHHLim

Pim qi

...
...

...
...

...
...

...

An

HHHHHHHHLn1

Pn1 · · ·
HHHHHHHHLnj

Pnj · · ·
HHHHHHHHLnm

Pnm qn

P (Hj) p1 · · · pj · · · pm 1

The Converse is to find {pj} and {qi} based on Pij and Lij, by solving

pj/qi = rij =: Pij/Lij, i = 1, 2, · · · , n; j = 1, · · · ,m.

where rij is defined only if Pij > 0 and Lij > 0 (iff Ai ∩Hj 6= ∅).
NOTE: If in the same row, i, rij is defined in columns {j1, j2, . . . jk}, the
proportions of {pj1, pj2, . . . pjk} are directly available in row i; e.g.,

pj1/pjk = rij1/rijk, pj2/pjk = rij2/rijk, . . . , pjk−1
/pjk = rijk−1

/rijk. (5)

Notation: [pj1(i)pj2(i) · · · (i)pjk], or [j1(i)j2(i) · · · (i)jk] if context is clear.
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Converse of Bayes’ Theorem Principle in action for zigzag paths

An empty cell is where rij = Pij/Lij not defined. Finding {qi} is similar.

p1 p2 p3 p4 p5 p6 [p1(2)p2(3)p3(4)p4(6)p5(6)p6]
q1 r11

q2 r21 r22 p1/p2 = r21/r22

q3 r32 r33 p2/p3 = r32/r33

q4 r43 r44 p3/p4 = r43/r44

q5 r54 r55 p4/p5 = r54/r55

q6 r64 r65 r66 p5/p6 = r65/r66

q7 r76

p1 p2 p3 p4 p5 p6 [p1(3)p2(3)p3(5)p4(5)p5(5)p6]
q1 r16

q2 r25

q3 r31 r32 r33 p1/p2 = r31/r32, p2/p3 = r32/r33

q4 r43 r45

q5 r53 r54 r55 r56 p3/p4 = r53/r54, p4/p5 = r54/r55,
q6 r62 p5/p6 = r55/r56

q7 r71
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Converse of Bayes’ Theorem Principle in action for haphazard patterns

Example: Useful worksheet for haphazard patterns

p1 p2 p3 p4 p5 p6 Notation Available proportions

q1 r14 r16 [4(1)6] p6/p4 = r16/r14

q2 r22 r23 r25 [2(2)3(2)5] p2/p5 = r22/r25, p3/p5 = r23/r25

q3 r36

q4 r41 r45 [1(4)5] p1/p5 = r41/r45

q5 r53

q6 r62 r65 [2(6)5] Done in row 2

q7 r71 r74 [1(7)4] p4/p5 = (r74/r71)(p1/p5), p6/p5 = (p6/p4)(p4/p5).

Suppose the last row of the table is deleted. Then {p4, p6} and {p2, p3, p5, p1}
are two distinct proportionable subsets, each having no member pro-
portionable with any member of the other. Associated with each a,
where 0 < a < 1, there is one solution for {pj} satisfying:

p4 + p6 = a, p2 + p3 + p5 + p1 = 1− a.

It is similar for {q2, q4, q5, q1} and {q1, q3}. Hence infinitely many solutions.
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Converse of Bayes’ Theorem The converse statement

8. The Converse of Bayes Theorem

Let {Pij = P (Hj|Ai)} and {Lij = P (Ai|Hj)} be the conditional probabilities from a set

of joint probabilities {P (Ai ∩Hj)}. Then the marginal probabilities, {pj = P (Hj)} and

{qi = P (Ai)}, can be determined through their relative proportions within each set in

terms of the ratios rij = Pij/Lij, each of which is defined if and only if Ai ∩Hj 6= ∅. The

relative proportions for the set {pj}, and similarly for {qi}, are obtained as follows.

Apply equation (5) to each row in the two-way table to get the proportions, with

chained multiplication (e.g., as in (b)) if necessary, resulting in one of the following

two cases, (1) and (2):

(1) If pj1 and pj2 are proportionable in row i1, pj2 and pj3 proportionable in row i2 (where

i2 may equal i1), · · · , pj(m−1) and pjm proportionable in row i(m−1) (where i(m−1) may

equal i(m−2)), or in notation,

[pj1(i1)pj2(i2)p3(i3) · · · pj(m−1)(i(m−1))pjm],

and (pj1, pj2, · · · , pjm) is just a permutation of the set {pj}, then {pj} is uniquely

determined by virtue of (a) and (b). Some special patterns of defined ratios, rij,

allow explicit formulae:

(i) If in row i∗, all ratios ri∗j are defined, we have the function-wise IBF

pj = ri∗j





m∑
j=1

ri∗j





−1

, j = 1, · · · ,m; and hence qi =
ri∗j
rij





m∑
j=1

ri∗j





−1

, i = 1, · · · , n.
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(ii) If in column j∗, all ratios rij∗ are defined, we have the function-wise IBF

qi = r−1
ij∗

{
n∑

i=1

r−1
ij∗

}−1

, i = 1, · · · , n; and hence pj = rijr
−1
ij∗

{
n∑

i=1

r−1
ij∗

}−1

, j = 1, · · · ,m.

(iii) When all rij are defined (positivity condition), we have both the point-wise IBF

and the function-wise IBF for {pj} and for {qi} respectively:

pj = 1/
n∑

i=1

r−1
ij = rij





m∑
j=1

rij





−1

, j = 1, · · · ,m; i = 1, · · · , n.

qi = 1/
m∑

j=1

rij = r−1
ij

{
n∑

i=1

r−1
ij

}−1

, i = 1, · · · , n; j = 1, · · · ,m.

(2) There will be more than one solution for {pj} and {qi} if the following situation

happens for both {pj} and {qi}:

There are two or more subsets of {pj} whose union equals the whole set of {pj}
and which satisfy two conditions: (i) each member of one subset is found not

proportionable with any member of another subset and (ii) members within the

same subset are proportionable unless the subset is a singleton. Also, the set {qi}
is in the same situation.
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Converse of Bayes’ Theorem Adapting the Converse to pdf: Example 1

9. For pdf in general, the key is a ratio π(θ)/π(θ0) ∀θ ∈ S(Θ)

The following shaded joint-support S(Θ, Z), although connected, has
no conditional support whose projection equals the assoicated marginal
support. So can’t use the point-wise or function-wise IBF for π(θ).����������

z 

θ0 
 

θ 
 

z0 

z1 ● �● �S (Z) �
 S (Θ) �S 0(Θ) S 1(Θ) 

S(Θ|z0) and S(Θ|z1) have projections jointly
covering S(Θ). Let r(θ, z) = p(θ|z)/f (z|θ).

In S(Θ|z0): π(θ)/π(θ0) = r(θ, z0)/r(θ0, z0).
In S(Θ|z1): π(θ)/π(θ0) = r(θ, z1)/r(θ0, z1).

Let Si(Θ)
pj.⊂ S(Θ|zi), i = 0, 1, such that their

intersection has zero-measure and their
union equals S(Θ); e.g., the 2 sub-intervals
of S(Θ), divided by θ0.

So π(θ) is determined upon finding π(θ0). Integrate π(θ)/π(θ0) w.r.t. θ:

1/π(θ0) =

∫

S0(Θ)

π(θ)

π(θ0)
+

∫

S1(Θ)

π(θ)

π(θ0)
=

∫

S0(Θ)

r(θ, z0)

r(θ0, z0)
+

∫

S1(Θ)

r(θ, z1)

r(θ0, z1)
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In this case, S(Θ) and S(Z) are connected, but not S(Θ, Z). Need 4
conditional supports, S(Θ|zi), i = 0, 1, 2, 3, to cover S(Θ) and 3 connecting
points, θ0, θ1 and θ2 to find the expression for π(θ)/π(θ0) in each S(Θ|zi).
Then integrating π(θ)/π(θ0) over the 4 sub-intervals of S(Θ) (divided by

θ0, θ1 and θ2) will give 1/π(θ0), and hence the whole function π(θ). Let

Q(θ, θ∗; z) =
r(θ, z)

r(θ∗, z)
=

p(θ|z)f (z|θ)

p(θ∗|z)f (zi|θ∗).������������� �

z 

θ 
 

θ2 
 

z0 

z1 

z3 

z2 

θ0 
 

θ1 

● � ● � ● � ● �● �● � ● � ● � �S (Z) � S (Θ) �
First: π(θ)/π(θ0) = Q(θ, θ0; zi) in S(Θ|zi), i = 0, 1.

2nd, for π(θ)/π(θ0) in S(Θ|z2):

∵ π(θ)/π(θ1) = Q(θ, θ1; zi) in S(Θ|zi), i = 1, 2.
∴ π(θ1)/π(θ0) = Q(θ, θ0; z1)/Q(θ, θ1; z1) in S(Θ|z1)

∴ π(θ)/π(θ0) = [π(θ1)/π(θ0)]× [π(θ)/π(θ1)]

= [Q(θ, θ0; z1)/Q(θ, θ1; z1)]×Q(θ, θ1; z2).

3rd, for π(θ)/π(θ0) in S(Θ|z3):

∵ π(θ)/π(θ2) = Q(θ, θ2; zi) in S(Θ|zi), i = 2, 3.
∴ π(θ2)/π(θ1) = Q(θ, θ1; z2)/Q(θ, θ2; z2) in S(Θ|z2)

∴ π(θ)

π(θ0)
=

π(θ1)

π(θ0)
× π(θ2)

π(θ1)
× π(θ)

π(θ2)
=

Q(θ, θ0; z1)

Q(θ, θ1; z1)
× Q(θ, θ1; z2)

Q(θ, θ2; z2)
×Q(θ, θ2; z3).
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Converse of Bayes’ Theorem Adapting the Converse to pdf: non-unique solution

• S(Θ, Z) is said to be projection-connected if
one of the marginal supports, S(Θ) or
S(Z), is connected.

• Compatible (p(θ|z), f (z|θ)) [really from a
joint pdf f(Θ,Z)(θ, z)] determines π(θ) and
fZ(z) uniquely iff S(Θ, Z) is projection-
connected.

• In the last 2 projection-connected cases,
π(θ) is unique; hence so is fZ(z).

�� �������
  

 

 

 �
Gap 

Gap 

θ 
 

z 

z0 

z1 

z2 ● �● �● �● �● � ● � ● �● �
θ1 

 
θ2 

 

{ 

{ 

z3 

In this case, S(Θ, Z) is not projection-connected and hence both π(θ) and
fZ(z) cannot be determined uniquely by a compatible pair (p(θ|z), f (z|θ)).
Two ways to see why:

• π(θ)/π(θ1) is available in S(Θ|z0) ∪ S(Θ|z1) and π(θ)/π(θ2) is available in
S(Θ|z2) ∪ S(Θ|z3). But no single θ0 exists so that π(θ)/π(θ0) is available
∀θ ∈ S(Θ). The analogous fact is true regarding fZ(z) defined in S(Z).

• We can write the joint pdf as f (θ, z) = α1f1(θ, z) + α2f2(θ, z), α1 + α2 = 1,
where each fi(θ, z) is positive in only one region in which the integral
is 1. Then (p(θ|z), f (z|θ)) will be the same whatever the ratio α1 : α2.
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Thank you very much !
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