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Higher Certificate, Module 7, 2009. Question 1
(i)

Many components could be mentioned. Among them are the following.
The trend, representing the long term change in the mean level.
The seasonal, representing movements around the trend which have a fixed
period.
Cycles, representing oscillations around the long term variation which are not
characterised by fixed periods (as the seasonal variation) but are still
predictable to some extent.
The irregular, consisting of the remaining variation in the time series left after
other components (e.g. trend, seasonal, cycles) have been removed.
Holiday effects, for example representing public holidays such as Christmas
and Easter.
Trading day effects – the day of the trading week can be important, for
example trade on Monday or Friday might be different from that on other
days.
Outliers, such as special or "one-off" events that have large effects.
Level shifts, where the measurement (level) suddenly takes a step change and
does not revert to its previous value.
Seasonal breaks, where the seasonal pattern changes permanently.

(ii)

With additive seasonality, seasonal fluctuations exhibit constant amplitude
with respect to the trend. With multiplicative seasonality, the amplitude of the
seasonal fluctuations is a function of the trend, e.g. the amplitude of the
seasonal fluctuations increases as the trend increases.
The model transformation becomes of crucial importance as regression in this
context can only be additive. This implies that if the underlying pattern of
seasonality is multiplicative, a logarithmic transformation of the model
becomes necessary in order to validate the use of regression.

(iii)

In the case of additive seasonality, the decomposition model for series X t
could take the form X t = TCt + St + ε t where the trend and cycle have been
collapsed into a single component TCt.
One way to identify and remove the seasonal component is as follows.
(1)

Identify the component TCt using moving averages.

(2)

Subtract the component TCt from the time series Xt.

(3)

Estimate the seasonal component from the de-trended series
Xt – TCt and then remove it.

Higher Certificate, Module 7, 2009. Question 2

(i)

The ARIMA(1,0,1) model is
X t = φ1 X t −1 + ε t + θ1ε t −1
where φ1 is the autoregressive parameter, θ1 is the moving average parameter
and there is no differencing
The fitted values are Xˆ t = φˆ1 X t −1 + θˆ1ε t −1 where φˆ1 and θˆ1 are estimates of the
parameters. The residuals are then simply given by residual = observation –
fitted value, i.e. residual = X t − Xˆ t .

(ii)

The best way to assess the degree and the type of any autocorrelation is to look
at the correlogram. If we had fitted the correct model, the residuals would be
Normally distributed and, accordingly, the autocorrelation at any lag would be
Normally distributed with mean zero and variance 1/N. However, not
knowing the correct model, we have to rely on confidence interval estimation.
In general, 1/√N continues to be an upper bound for the standard errors of the
autocorrelations of the residuals, implying that autocorrelations lying outside
±2/√N (where 2 is used as an approximation to 1.96, the double-tailed 5%
point of the N(0, 1) distribution) are significantly different from zero and
hence provide evidence that the wrong form of the model has been fitted. This
evidence has to be weighed against the fact that the choice of ±2/√N as giving
the confidence interval means that, if the model is in fact correct, 5% of
autocorrelations will be outside by definition.

(iii)

The simplest and most intuitive way to analyse the residuals is probably to
plot them as a time plot. This procedure will allow a visual check for outliers
and for cyclical patterns in the residuals. An alternative is the portmanteau
lack-of-fit test on the residuals. This test is again based on the correlation of
the residuals, but this time considering jointly the correlation of the residuals
at all the lags. The statistic for this test is
K

Q = N ∑ rz2,k
k =1

where N is the number of term in the series (if differences have been applied to
the series than it represents the number of terms in the differenced series) and
K is the number of lags which is usually chosen between 15 and 30.
[Other uses of residuals might also be mentioned.]
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Part (i)

Chain-linked Laspeyres: PL* ( 2;0 ) = PL ( 0,1) PL (1, 2 ) ÷ 100.
Chain-linked Paasche:

PP* ( 2;0 ) = PP ( 0,1) PP (1, 2 ) ÷ 100.

Chain-linked Fisher:

PF* ( 2;0 ) = PF ( 0,1) PF (1, 2 ) ÷ 100
= PL ( 0,1) PP ( 0,1) PL (1, 2 ) PP (1, 2 ) ÷ 100
= PL ( 0,1) PL (1, 2 ) ÷ 100 PP ( 0,1) PP (1, 2 ) ÷ 100
= PL* ( 2;0 ) PP* ( 2;0 ) .

Part (ii)
Notation for this part of the question:
*
R2007,2008,
i : 2008 volume relative for commodity i , using 2007 as the base period

s2007,i

: 2007 sales for commodity i

s2008,i

: 2008 sales for commodity i

(a)

Laspeyres
QL ( 2007, 2008 ) =

∑R

*
2007,2008,i

i

s2007,i

∑s

2007,i

i

=

(b)

(98.2 × 20) + (101.3 × 5) + (107.5 × 12) 3760.5
= 101.6.
=
20 + 5 + 12
37

Paasche
QP ( 2007, 2008 ) =

∑s

2008,i

i

∑R
i

=

s

2008,i
*
2007,2008,i

21 + 6 + 15
42
=
= 101.8 .
21
6
15
0.4126
+
+
98.2 101.3 107.5

Solution continued on next page

(c)

Fisher

QF ( 2007, 2008 ) = QL ( 2007, 2008 ) QP ( 2007, 2008)
= 101.6 ×101.8 = 101.7 .

(d)

Geometric Laspeyres
*
QGL ( 2007, 2008 ) = ∏ ( R2007,2008,
i)

yi

where yi =

i

20

5

s2007,i
Σ s2007,i

12

= 98.2 37 × 101.337 × 107.5 37 = 101.6 .

(e)

Törnqvist
*
QT ( 2007, 2008 ) = ∏ ( R2007,2008,
i)
i

(

1 20 + 21
37 42

= 98.2 2

yi

s
1⎛ s
where yi = ⎜ 2007,i + 2008,i
⎜
2 ⎝ Σ s2007,i Σ s2008,i

) ×101.312 ( 375 + 426 ) ×107.512 ( 1237 + 1542 ) = 101.7 .

⎞
⎟⎟
⎠

Higher Certificate, Module 7, 2009. Question 4
[Solution continues on next page]
Part (a)
(i)

It is most likely that A is the Paasche index and B the Laspeyres index
(because under normal economic conditions Laspeyres indices tend to be
larger numbers than the corresponding Paasche indices).

(ii)

August 2008 Fisher price index = 100.0
November 2008 Fisher price index = 102.7 ×111.1 = 106.8
February 2009 Fisher price index = 96.2 × 114.8 = 105.1
May 2009 Fisher price index = 93.6 × 107.4 = 100.3

(iii)

If there is no seasonality then chain-linking the Laspeyres index should
produce numbers which lie between the Laspeyres price index and the Fisher
price index.

Part (b)
Notation for this part of the question:
R2007,2008,i : 2008 price relative for service i, using 2007 as the base period

(i)

s2007,i

: 2007 sales for service i

s2008,i

: 2008 sales for service i

Paasche price index
PP ( 2007, 2008 ) =

∑s

2008,i

i

∑R
i

s2008,i

2007,2008,i

=

1.2 + 0.7 + 0.5
2.4
=
= 131.9 .
1.2
0.7
0.0182
+
+ (0.5 × 0)
105.2 102.7

[Note. The final index number value is found as 131.7 if the denominator
0.0182 is used to full accuracy as calculated from the preceding fractions.]
[Note that the undefined price relative for the super wash is not a problem for
Paasche price index calculation because it appears in the formula as a
reciprocal and the term is set equal to zero.]

(ii)

Recognising that the product of the price relative and the base period sales in
the numerator of the Laspeyres price index formula is a replacement for the
product of the current period price and the base period quantity, then the
contribution from the super wash is zero because its base period quantity is
zero.

(iii)

Laspeyres

∑R
P ( 2007, 2008 ) =
∑s

s

2007,2008,i 2007,i

i

L

2007,i

i

=

(iv)

(105.2 × 1.0) + (102.7 × 0.8) + 0 187.36
=
= 104.1 .
1.0 + 0.8 + 0.0
1.8

Paasche volume index
We first need volume relatives, denoted here by R *. Those for the quick and
full washes can be calculated by recognising that the growth in sales is the
product of the growth in prices and the growth in quantities (all growths being
from 2007 to 2008). Thus

*
= 100
R2007,2008,1

Quick wash:

Full wash:

*
2007,2008,2

R

= 100

s2008,1
s2007,1
R2007,2008,1
100
s2008,2
s2007,1

R2007,2008,2
100

1.2
= 100 1.0 = 114.1 .
105.2
100

0.7
= 100 0.8 = 85.2 .
102.7
100

The volume relative for the super wash cannot be calculated. However,
recognising that the ratio of the current period sales to the volume relative in
the denominator of the Paasche volume index formula is a replacement for the
product of the current period price and the base period quantity, the
contribution from the super wash is zero because its base period quantity is
zero. Thus
QP ( 2007, 2008 ) =

∑s

2008,i

i

∑R
i

s

2008,i
*
2007,2008,i

=

1.2 + 0.7 + 0.5
2.4
=
= 128.3 .
1.2
0.7
0.0187
+
+ (0.5 × 0)
114.1 85.2

